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' Abstract 

We prove Rellich and improved Rellich inequalities that involve the distance 
function from a hypersurface of codimension /c, under a certain geometric assump- 
tion. In case the distance is taken from the boundary, that assumption is the 
convexity of the domain. We also discuss the best constant of these inequalities. 
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^ ■ 1 Introduction 

O , 

■ The classical Rellich inequality states that for p > 1 



X 



for all u G C^(0, oo). A multi-dimensional version of for p = 2 is also classical 
^ • and states that for any Q C R^, A > 5, there holds 



{Auydx> ^ -rudx, (1.2) 



N^{N - 4)2 r 
' ~ 16 Jn 

for all u G C^{n). 

Davies and Hinz |DHj generalized (|1.2|) and showed that for any p G (1, A/2) there 
holds 

|A„|,..>((P^M1^)7^,,, „.cr(Si\{0}). (1.3) 

n V P J Jn |x|2p 
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Inequality (jl.lj) has also been generalized to higher dimensions in another direction, 
where the singularity involves the distance d{x) = dist(x, dfl). Owen |0j proved among 
other results that if is bounded and convex then 

/^(A„)'d.>A/^^d., uecrm. (1.4) 

Recently, an improved version of (|1.2() has been established in [TZj. Among several 
other results they showed that for a bounded domain Q in R^, > 5, there holds 

(1.5) 

as well as 

/ {Aufdx >^f + i f / ^-^Xfxl . . . Xfdx , 

for all u € C^{O,\{0}). Here A^ are iterated logarithmic functions; see ()1.6p for precise 
the definition. 

Rellich inequalities have various applications in the study of fourth-order elliptic and 
parabolic PDE's; see e.g. |DH1 lUl IB| . Improved Rellich inequalities are useful if critical 
potentials are additionally present. As a simplest example, one obtains information on 
the existence of solution and asymptotic behavior for the equation ut = — + V for 
critical potentials V. Corresponding problems for improved Hardy's inequalities have 
recently attracted considerable attention: see |BVl IBMl IBFTl] and references therein. 

Our aim in this paper is to obtain sharp improved versions of inequalities ()1.3() and 
(|1.4|) . where additional non-negative terms are present in the respective right-hand 
sides. At the same time we obtain some new improved Rellich inequalities which are 
new even at the level of plain Rellich inequalities; these involve the distance to a surface 
K of intermediate codimension. 

Statement of results 

Before stating our theorems let us first introduce some notation. We denote by a 
domain in R^, N > 2. For the sake of simplicity all functions considered below are 
assumed to be real-valued; in relation to this we note however that minor modifications 
of the proofs or a suitable application of ^ Lemma 7.5] can yield the validity of 
Theorems 1-3 below for complex-valued functions u. We let i^T be a closed, piecewise 
smooth surface of codimension k, k = 1, . . . , N . We do not assume that K is connected 
but only that it has finitely many connected components. In the case k = N we assume 
that K is a finite union of points while in the case k = 1 we assume that K = di}. We 
then set 

d{x) = dist(x, K) , 
and assume that d{x) is bounded in ^l. 
We define recursively 

Xi(t) = (l-logt)-\ tG(0,l], 

Xi{t) = X,{Xi^i{t)), i = 2,3,... ,t G (0,1]. (1.6) 
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These are iterated logarithmic functions that vanish at an increasingly slow rate at 
t = and satisfy = 1. Given an integer m > 1 we define 

771 m 

nm{t) = J2x,it)... x,{t), Cm{t) = E xl{t) . . . xfit). (1.7) 

i=l i=l 

We note that limt^Q r]m{t) = lim^^o Cm (i) = 0. Now, it has been shown |BFT2j that 
both series in (jl.Tf) converge for any t S (0,1). This allows us to also introduce the 
functions tj^o and Coo as the infinite series. 

We fix a parameter s G R and we assume that the following inequality holds in the 
distributional sense: 

p^k + s, {k + s-p){dAd-k + l)>0 mn\K. 

For a detailed discussion of this condition we refer to |BFTlj . Here we simply note 
that it is satisfied in the following two important cases: (i) it is satisfied as an equality 
a k = N and K consists of single point and (ii) it is also satisfied ii K = (so k = 1), 
s + 1 — p < and 0, is convex. 

Our first theorem involves the functions rj^ = ri^n id{x)/D) and Ctt. = Cmidix)/D), 
X € ri, for a large enough parameter D > 0. In any case D will be large enough so that 
the quantity 1 + ar]^ + Prj"^ + jCm is positive in $7. We also set 

k + s — p , , 

H = — -. 1.8 

P 

Theorem 1 (weighted improved Hardy inequality) Let p > 1 andm € NU{cxd}. 
Let ^ be a domain in and K a piecewise smooth surface of codimension k, k = 
1, . . . ,N. Suppose that p ^ k + s, that sup^g^ d{x) < oo and that 

{k + s-p){dAd-k + l)>0 inn\K. (1.9) 

Also, let a, /3, 7 G R 6e fixed. Then there exists a positive constant Dq > sup^gj^ d{x) 
such that for any D > Dq and all u S C'^{Vt \ K) there holds 

I d'{l + arj„, + (3r]l + -fCm)\Vu\Pdx>\H\P [ d'~P\u\Pdx + 
Jn Jn 

+ \H\Pa J^d'-Pr]n,\u\Pdx + (^\H\Pp + ^^^^ ^ ^"^ ^ j^d'-'Prji\uY'dx 
+ l^r-^ + + I d-PUu\Pdx , 

where r?^ = r/„(d(x)/D) = E»=i Xi(d(x)/Z)) . . . X,(ci(x)/Z)) and Cm = Cm{d{x)/D) = 
YT=iXl{d{x)/D)...Xl{d{x)/D). 

We note that the special case s = a = /3 = 7 = has been proved in |BFT2]. 
To state our next theorem we define the constant 

Q=ip-mk-2p)_ (1.10) 
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Theorem 2 (improved Rellich inequality I) Let p > 1. Let Vt he a domain in 
and K a piecewise smooth surface of codimension k, k = 1, . . . ,N. Suppose that 
supjjgQ < oo. Suppose also that k > 2p and that 

dAd -k + l>0 , inQ\K 

in the distributional sense. Then there exists a positive constant Dq > sup^gf^ d{x) 
such that for any D > Dq and all u € C^{Q \ K) there holds 

f \Au\Pdx>QP I ^^dx+ (1.11) 
Jn Jn d-^P 

+^-^\Qr'{^\p - 1)' + - E X ^^'^2 • • • x^x, 

where Xj = Xj{d{x)/D). 

It is remarkable that the geometric assumption of this Theorem 2 only involves Ad, as 
in the case of Theorem 1, and not higher-order derivatives of d as one might expect. 
The above theorem does not cover the important case k = 1 which corresponds to 
d{x) = dist(a;, 9fi). This is done in the following theorem for the case p = 2. 

Theorem 3 (improved Rellich inequality II) Let Q. he convex and such that d{x):= 
dist(x,9ri) is hounded in il. Then there exists a positive constant Dq > sup^^Qd{x) 
such that for any D > Dq and all u G C^{^1) there holds 

1 = 1 

where Xj = Xj{d{x)/D). 

In our last theorem we prove the optimality of the constants appearing in Theorems 
2 and 3 above. In a similar manner one can prove the optimality of the constants 
in Theorem 1; we omit the proof since it follows very closely the proof of |B1'T21 
Proposition 3.1]. Anyway, we note that in some particular cases the optimality of 
Theorem 1 follows indirectly from the optimality of Theorems 2 and 3, which we do 
prove. In relation to Theorem 4 see also the remark at the end of the paper. 

We define 

Jq[u]= JjAu\Pdx-\Q\P Jj-^dx 

and for m € N, 

J,n[u] = f \Au\Pdx-\Q\P f ^-^dx- 
Jn Jn d^P 

-'-^\Qr"{^"^p - + - ^p)"] t i • • • xfdx. 

Our next theorem reads: 
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Theorem 4 Let p> \. Let ft be a domain in R^. (i) If2<k<N — 1 then we take 
K to be a piecewise smooth surface of codimension k and assume -ftT fl 7^ 0; (ii) if 
k = N then we take K = {0} C ft; (iii) if k = 1 then we assume K = dfl. For any 
D > supQ d{x) we have 

(ii) inf ,/"-^^''^ < P^\Q\P-4k'{p - If + {k- 2pf\, m>l. 

where Xj = Xj{d{x)/D). 

It follows in particular that all constants in Theorem |^ and Theorem |31 (ii) are sharp. 
The sharpness of Theorem El (i) follows implicitly from the sharpness of|ni(ii). 



2 Series expansion for weighted Hardy inequality 

In this section we give the proof of Theorem ^ We note that in the special case 
s = a = /3 = 7 = the theorem has already been proved in |BFT2j . In the sequel we 
shall repeatedly use the differentiation rule 

|xf(0 = ^XiX2...X,_iX^^ (2.1) 

which is easily proved by induction. 

Proof of Theorem^ We set for simplicity ip = {\ + arjm + PVm + iCm)- If T is a 
vector field in Q, then, for any u G C^{fl \ K) we first integrate by parts and then use 
Young's inequality to obtain 

/ divT < p I |r[|Vn||n[*'~^(ix 

Jo. Jn 

< [ d''ip\\/u\Pdx + {p - 1) [_d~^\T\'^'ip~'^\u\Pdx , 



and thus conclude that 

/ d'VlViil^dx > / {divT - {p-l)d''!^\T\^ip'^)\u\Pdx. (2.2) 
Jn Jn 

We recall that H = [k + s — p)/p and define 

T{x) = H\H\P-^d'+^-P{x)Vdix) (^1 + (a + ^^)vmidix) / D) + BrjUdix) / D)J . 

where D > sup^ d{x) and S € R is a free parameter to be chosen later. In any case, 
once B is chosen, D will be large enough so that the quantity 1 + (a + ^^)r]m{d/D) + 
^Vmid/D) is positive on fl. Note that T is singular on K, but since u £ C^{Q\K) all 
previous calculations are legitimate. In view of (|2.2() . to prove the theorem it is enough 
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to show that there exists Dq > sup^ d{x) such that for D > Dq 

divT - {p - l)d'^\T\^^p'^ \H\Parjm (2.3) 

for ah X € il. 

To compute divT we shall need to differentiate r]m{d/D). For this we note that (|2.1() 
easily implies 



t 

from which follows that 



irl^ii) = \Cm{t) + \rt{t). (2.4) 



We also define 9m on (0, 1) by 

Cit) = 

and, for simplicity, we set A = a + (p - l)/{pH) so that T = \H\P-^Hd''+^~P\7d{l + 
Arjm + Brj^. We think of rjm as an independent variable, which we may assume to be 
small by taking D large enough. Simple computations together with assumption ()1.9|) 
and the fact that \Vd\ = 1 give 

divT (2.5) 
= + p\H\PAr^m + ip\H\PB + \Hr'H^)vl + \Hr^H^U + 

+ \H\P-^HB{rii + VmCm)^ + \H\P-^Hd'-P{dAd + s-p+ 1)(1 + At]^ + Brt) 

> d'-''l^p\H\P + p\H\PAr,m + {p\H\PB + \H\p-^H^)7^1 + \H\P-^H^Cm + 

+ \H\P-^HB{rt + ^mCm)} + \H\P-^Hd'-P{dAd - + 1)(1 + Ar/^ + firy^^) 

> d'-pi^p\H\P + p\H\PA^m + {p\H\PB + \Hr^H^)ril + \H\p-^H^U + 

+ \H\P-^HB{r,l + rimCm)^ (2.6) 
Moreover, since |Vfi| = 1, Taylor's expansion gives 

P (s + l-p)p p 

\T\— = \H\Pd v-i (I + Ar^m + BTfj — 



+ 



{s+l-pyp ( r)A / pB vA^ 

pAB p{p-2)A^\ 



( _ P{P-2)A^ \, , 

6(p-i)3 j^^ + ^^^^^r ^^-'^ 
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and also 

+ (,(^31)2- 6(p-l)3 (p_i)2 ^"^Cm + 0(r?^)- (2.8) 

Using ((T^ . ((T7|) and we see that the LHS of (fT^ is greater than or equal to 
d^~P times a linear combination of powers of Tjm, Cm and 9^ plus 0(r/^). Recalling 
that ^ = a + (p — 1) /{pH), we easily see that the constant term and the coefficients of 
Vm, Vm Cm Vanish, independently of the choice of the parameter B. The remaining 
two coefficients, that is the coefficients of r/^ and rjmCm are, respectively, 

(p-l)a /? (ff-2)(p-l) i3 + 7 

Since Cm ^ Vm — "f^Cm, we conclude that taking B to be large and positive (if H > 0) or 
large and negative (if H < 0), inequality ()2.3() is satisfied provided r]m is small enough, 
which amounts to D being large enough. This completes the proof of the theorem. / / 

In the proof of Theorem [51 we are going to use the last theorem in the following special 
case which corresponds to taking p = 2 and s = —2q + 2 : 

Special case. Assume that k ^ 2q and that {k — 2q){dl!\d—k + l) > {) onQ\K . Then 
for D large enough there holds 



, {k - 2qfa f 2g 2 , ^ ( {k-2qf(5 {k - 2q)a \ f 2, 2 2 , 

H / d ^T]mU dx + \ / d ^rj^u dx 

4 Jo V 4 4 / 



,4 4 4 

for all n G C^{n\K) 



3 The improved Rellich inequality 

In this section we are going to prove Theorems HI and 0] as well as the corresponding 
optimality theorem. We begin with the following lemma where, we note, Ac^ is to be 
understood in the distributional sense. 

Lemma 5 For any locally bounded function (j) with |Vti| G Lf^^{Q \ K) we have 

I \I^u\Pdx>p(p-l) I (l)\u\^''^\Vu\^dx- I (a</. + (p- l)|(/.|i^)|nl*'(ix, (3.10) 

for allue C^{n\K). 

Proof. Given u € C^{Q \ K) we have 

- / A0|n|Pdx = p I W(t)- {\u\P-'^uVu)dx 
Jo. Jo. 
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= —p / (f>\u\^ '^uAudx — p{p — 1) / (f>\u\^ ^|Vn[^(ix 
Jn Jn 

< p(^^^ I \<t)\^\uV'dx + - I \Au\Pdx 
\ p Jq pJn / 

-p{j>-\) [ (l)\u\P-'^\Vu\'^dx. 



which is (nnn|) . 

Proof of Theorem \^ Let m £ N be fixed and let r]m and Cm be as in (jl.Tf) . We 
apply ()3.1U|) with (j){x) = Xd{x)~^P'^'^ {I + arjm + PVm)j > 0, where, as always, rjm = 
r]m{d{x) / D) and D is yet to be determined. We thus obtain 

/ \Au\Pdx>Ti + T2 + n (3.11) 
Jn 

where 

Ti=p{p-1) [ (P\u\P-^\Vu\'^dx, 
Jn 

T2 = - [ A(f)\u\Pdx , 
Jn 

Ta = -ip-l) [ 
Jn 

To estimate Ti we set f = and apply ()2.9() for q = p, 

Ti = 4(^-1)^ / d-'P+\l + a7jrr. + Pvl)\^vfdx 
p Jn 

4(p-l)A f 2v\{k-2pf , {k-2pfa 



' + U + + - 'f% l] HUx (3.12) 



.44,, 
To estimate r2 we first note that 

V0 = A(i-2p+i |_2(p - 1)(1 + ar/^ + firt) + ^{rfm + C) + Pivl + ^mCm)} Vd 
and hence compute 

-A,^ = Xd-^P{-2p+l + dAd)!^2{p-l){l + ar]m + Pvl)-^ivl + Cm)- 
+Ad-2p|(p _ i)a{r,l + C„^) - Pivi + rimCm) - 

-T:ivi + r]mCm + Ora) + 0(7]^) \ 
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Using the geometric assumption dAd — k + 1 > and collecting similar terms we 
conclude that 

T2 > xj^d-'^pi^2{p-l){k-2p) + 2{p-l){k-2p)ar]m + 

{ —k + 4?9 — 2 \ 
+ 2(p-l)(A:-2p)/?+ ^ a]Tt (3-13) 



+ ^^^^ ^ aCm - [{k -2p + + 1^ (r?^ + r/„Cm) - + 0(r?^^)|c?x. 
Prom Taylor's theorem we have 

{l + arj^+PVm)"-' = 1 + ^^"^ + + 2(y - 1)2 + 

/ pi2-p)a^\ , 4 

from which follows that 



n [ p-1 2(p-l)2^ 

Using the above estimates on Ti,T2 and and going back to we obtain the 

inequality 

/ \Au\Pdx> [ d-'^PV\u\Pdx (3.15) 

where the potential V has the form 

V{x) = ro + riijm + r2r]^ + raCm + rsijf^ + r'^ijmCm + r'-^Om- 

We compute the coefficients r j , r ■ by adding the corresponding coefficients from H3.12|l , 
p.l3() and H3.14() . We ignore for now the coefficients of the third-order terms. For the 
others we find 



ro = {p- 1 



V p 



{P - l)k{k - 2p) ^ 
p 

pk-2k + 2p (p-l)k{k-2p) ( pl3 X p 

= 2p + -p - - + 2(^31)1 j 1^1 

p — 1 pk — 2k + 2p \ 
P 2p J 

We now make a specific choice for a and A. We recall that Q = {p — l)k{k — 2p)/p'^, 
and choose 

, np-i {p-l){pk-2k + 2p) 

p^Q 



9 



We then have tq = Q^, ri = r2 = 0, irrespective of the value of (3. We also have 



p V 

Substituting these values in (|.S.15|) we thus obtain 

/ \Aurdx > QP [ d-'P\u\Pdx + ^QP~^ (q+ ^^^~ + ^^^' "l / 
Jn Jn p \ / Jn 

+ /" (i~^^M^+r^^?„^Cm + r^'^m + 0(r/^))|n|P(^x 

We still have not imposed any restriction on /?. We now observe that r'^ and rg are 
independent of /?, while = ci/3 + C2 with ci = QP~^ {{2k) / p — 2k + 2p — 3) < 0. Hence, 
since the functions r/^, rjmCm and 0^ are comparable in size to each other, the integral 
is made positive by choosing P to be large and negative and ??m small enough, which 
amounts to D being large enough. Hence we have proved that for D > Dq there holds 

where Xj = Xj{d{x) / D). This concludes the proof of the theorem. // 

Remark. Let us mention here that in the proofs of Theorems ^ and [21 we did not 
use at any point the assumption that k is the codimension of the set K. Indeed, a 
careful look at the two proofs shows that K can be any closed set such that dist(x, K) 
is bounded in Q, and for which the condition cZAd — A; + l>0or<0is satisfied; the 
proof does not even require k to be an integer. Of course, the natural realizations of 
these conditions are that K is smooth and k = co(lvai{K). However, the argument also 
applies in the case where is a union of sets of different codimensions; see |BFT1) . 

We next prove Theorem |31 

Proof of Theorem We note that the convexity of 17 implies that Ad < on 17 in 
the distributional sense |EG1 Theorem 6.3.2]. Now, let u E C^(0) be given. Applying 
Theorem n (with k = 1, p = 2, s = and a = /? = 7 = 0) to the partial derivatives Ux^ 
we have 



/ {Au)'^dx = V / \Vux,\'^dx 
Jn ~{ Jn 



i=l 

1 f iVnP 



1 + Cm)dx\, (3.16) 



for D large enough, where Cm = Cm{d{x)/D). Applying Theorem ^ once more (this 
time with k = 1, p = 2, s = —2, a = P = and 7 = 1) we obtain 
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Combining H3.16() and H3.17|) we obtain 

which is the stated inequahty. / / 

We next give the proof of Theorem |2 We recall that 57 is a domain in R''^ and that 
is a piecewise smooth surface of codimension k such that K DO, ^ 0, unless k = 1 
in which case K = d^l. All the calculations below are local, in a small ball of radius 
6, and indeed, it would be enough to assume that K has a smooth part. We also note 
that for k = N (distance from a point) the subsequent calculations are substantially 
simplified, whereas for k = 1 (distance from the boundary) one should replace Bg by 
Bs n 0,. This last change entails some minor modifications, the arguments otherwise 
being the same. 

Proof. We shall only give the proof of (ii) since the proof of (i) is much simpler. 
For the proof we shall use some of the ideas and tools developed in |BFT2j . All our 
analysis will be local, say, in a fixed ball of B{xo,6) where xq ^ K and 5 is small, 
but fixed throughout th proof. We therefore fix a smooth, non-negative function (j) 
such that 0(x) = 1 on {\x — xq\ < 5/2} and (^(x) = 1 on {|x — xo| > 5}. For given 
eo, ei • . . , Em > we then define the function 

U = (Pd ~P Xi " " ...Xm" 

=: (pv. 

A standard argument using cut-off functions shows that u belongs in Wq'^{Q \ K) and 
therefore is a legitimate test-function for the infimum above. We intend to see how 
Jm-i[u] behaves as the e^'s tend to zero. We shall not be interested in terms that 
remain bounded for small values of the e^'s. To distinguish such terms we shall need 
the following fact, cf. |Bh"r2[ (3.8)]: we have 



^^-fc+/3oj^l+/3i(^/^) . . . X^'^^{d/D)dx < 



oo 



l3o>0 
or (3o = and /3i > 

or /3o = /3i = and /32 > (3.18) 

^ or Pq = (3i = ...= Prn-i = and (3m > 0. 
Now, we have Au = <f>Av + 2V0 • Vv -|- vA(j) and hence, using the inequality 

\a + b\P < \a\P + c{\a\P-^\b\ + \b\P), (3.19) 

we have 

\Au\Pdx 

n 



'f\Av\Pdx + cj !^{(l)\Av\)P-WV(f>\\Vv\ + \v\\A(t>\) + (|V(/.||Vv| + |v||A(/)|)p| 

< / (l)P\Av\Pdx+ [ (\Av\P-\\Vv\ + \v\) + {\Vv\ + \v\ 
Jn Jn \ 
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The first integral involves d to the power —k + eo/p (see below) and is therefore impor- 
tant. On the other hand, all terms in the second integral involve d to the power that 
is larger than —k and in fact bounded away from —k, independently of eo; hence 

/ \Au\Pdx= [ (j)P\Av\Pdx + 0{l), (3.20) 
Jn Jn 

where the 0(1) is uniform in all the e^'s. 
We next define the function 

g{t) = eo + (-1 + ei)Xi + (-1 + e2)XiX2 + •••(-! + e^)XiX2 . . . t > 0, 

where Xi = Xi{t/D). We shall always think of g{d{x)) as a small quantity. Recalling 
H2.1|) one easily sees that 

^ = ^ E {-l + e,)Xl...XjX,^,...X, 

- (3.21) 

Also, for any /? there holds 

^(t—X,^ X^ ^ ...Xm" )=t^^X,^ X^ ^ ...Xm' F + ^]. 
dt p p 

(3.22) 

Applying (|3.22|) first for (5 = k — 2p, then for (3 = k — p and using (|3.21j) we obtain 



-1 + 61 -1 + 62 



k — p g\ f k — 2p g\ h 



Av = d^^X. " X^ " ...Xn," U ^ - dAd - - - - + 

[\ p pj \ p pj p ] 

where, here and below, we use g, h and Xi to denote g{d{x)), h{d{x)) and Xi{d{x) / D). 
Now, by |ASl Theorem 3.2] we have dAd = A; — 1 + 0{d) as d{x) 0. Hence, the 
expression in the braces equals 

^1 1 

Q^ g T^g"^ h + Oid) as dix) 0, 

p p-^ p 

where R = {2k —pk — 2p)/p. The 0{d) gives a bounded contribution by an application 
of (|3.19j) - as was done earlier. Hence (|3.2fl|) gives 



^ R 1 2 1, 
Q + —g-^g --h 
p p^ p 



p 

dx + 0{l). (3.23) 



/ \Au\Pdx= f (jfd-''+'''X{^+'\..X-^+' 
Jn Jn 

To estimate this we take the Taylor's expansion of \Q + t\f about t = 0. We obtain 

/ \Au\Pdx = [ (l>Pd'''+'°X{^+'\..X;;^^+'^\\Q\P + \Q\P-^QRg + 
Jn Jn [ 

+[-l\Qr'Q+^\Qr'R')9' - 

-IQr^QCm + 0{g^) + 0{gh) + 0{h^)\dx + 0(1). (3.24) 
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Using H3.19() once again, it is not difficult to see that the terms 0(5^), 0{gh) and O^h?) 
give a contribution that is bounded uniformly in the e^'s and can therefore be dropped. 

At this point, and in order to simplify the notation, we introduce some auxiliary quan- 
tities. For < i < j < m we define 

Tij = (tPd-^+'''Xl+'}. . Xl+'^Xl^^}. . X]'Xjl^''+]. . X-'+'^dx, 

with the convention that Ta = Ai. It is then easily seen that 
. m 

/ cl^d-^+'°X{^+'}. . X-^+'-^gdx = eoAo - ^(1 - ei)T^i 
■^^ i=i 

„ mm 

/ <lfd-''+'"X{'+'}. . X^i+^-s^^x = elAo + - CifAi - 2eo ^(1 - ei)Toi + 
''^ 1=1 i=i 

i<j 

„ m 

/ ,/)Pd-^+^°xf . x-^+'-hdx = - E(i - - E(i - ^^Or^j- 

^ i=l i<j 

(Here and below J2i<j means J2i<i<j<m-) Let us also define the constant 

p=-i|Q[f-2Q + ^|Q|P-2^2_ 
p Zp 

Going back to H3.24() and noting that 



-^dx = Ao 

m—l „ I IP m— 1 



i=i i=i 

we obtain 



Jm-i[u] = \Q\P-^QR(eoAo-Y,{l-ei)ToA + 

^ i=i ' 

, m m 

^ i=\ i=\ i<j ' 

/ m \ m—l 

+ IQr'Q(E(l-ei)^* + E(l-ei)ri,) - G^ Ai + 0(1). (3.25) 
Now, by |Bh"r2l pl84], 

m m 

el - 2eo^(l - ei)ro. = ^(e, - ei)A, + Y,{2ei - 1)(1 - e,)ri,- + 0(1). 



i=l i=l i<j 
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For the sake of simplicity, we set 

G = ^-^\Qr'[k\p-lf + {k-2pf]. 
One then easily sees that P + = G. Hence, collecting similar terms, 

m , m X 

+G^„ + 0(1), 
where the 0(1) is uniform for small ej's. 

Up to this point the parameters eo, ei, • • • , 6^ where positive. We intend to take limits 
as they tend to zero in that order. Due to (|3.18j) . as eo — > all terms have finite limits 
except those involving Aq and Toj which, when viewed separately, diverge. However a 
simple argument involving an integration by parts (see B FT21 (3.9)] shows that 

m 

eo^o-E(l-^j)roj =0(1) (3.26) 
uniformly in eo, . . . , e^. Hence, letting eo — > we conclude that 

Jrn-x{u\ = -G{y^e,A,-Y,{\-ej)Yi\^GArn^O{\) (eo = 0) 

Now - as was the case with (|3.26j) - an integration by parts shows that (see |BFT2| 
(3.9)]) if eo = ei = . . . = Ci-i = 0, then 

m 

€iAi-Y,{\-e^)Yij = 0{\). (3.27) 
j=i 

We now let ei — > 0. Again, all terms have finite limits except those involving A\ and 
Fij which diverge. Using (|3.27|) we see that when combined these terms stay bounded 
in the limit a\ — > 0. We proceed in this way and after letting e^-i — > we are left 
with 

J^_i[n] = G(l - Em) Am + 0(1) (eo = . . . = tm-\ = 0). 

Let us denote by G' the infimum in the left-hand side of part (ii) of Theorem 4. We 
have thus proved that 

G(l- 6^)^^ + 0(1) 

G < (eo = . . . = ern-l = Uj. 

Letting now e^ — ^ we have Am +oo fbv l3.18|) ^. and thus conclude that G' < G, 
as required. / / 

Remark. Slightly modifying the above argument one can also prove the optimality of 
the power of the improved Rellich inequalities (|1.1H) and (|1.13)) . Namely, for any 
e > there holds 

inf , ^ = 0. 
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